All groups in this paper will be finite. Notations and conventions follow the same scheme as in Bensaid and van der Waall (1990) [1], Sezer and van der Waall (2006) [7] , and van der Waall (1993) [9] . An outline of the details of the classification in the title, will be given in the Introduction.
and 403] that any Sylow 2-subgroup of G is elementary abelian but not cyclic and that G contains precisely one normal simple subgroup N, where N is isomorphic to a member of {A 5 , SL (2, 8) , SL(2, 32)}. If N ∼ = A 5 or N ∼ = SL (2, 8) is the case, then it was shown in [1, Theorem 9] , that G = NC G (N), where C G (N) is a solvable B-subgroup of G whose order is relatively prime to 30 or to 42 respectively and whose elements commute element-wise with those of N. Now observe that a converse statement holds too, namely, if K = U C K (U ) with C K (U ) a B-subgroup of a group K with (|C G (U )|, |U |) = 1 which centralizes U ≤ K where U is isomorphic to A 5 or to SL (2, 8) , then K is a non-solvable B-group. [As to [1, Theorem 9] , note that the Theorems 8 and 8 ′ from [1] need some textual corrections, viz. in the assertion of Theorem 8, please read "Then G =N C G (N ) withN ∼ = A 5 . So we haveN ∩ C G (N ) = {1}"; in Theorem 8 ′ the same kind of correction has to be done but now forN ∼ = SL (2, 8) .] The situation in which N X occurs with N ∼ = SL(2, 32) will be clarified in the sense that necessary and sufficient conditions shall be obtained in order that X be a B-group; see Theorem 9.1 in this paper. Hence necessary and sufficient conditions have been found in order to recognize whether a non-solvable group is a B-group or not. Now, let us proceed with solvable groups. In [9, Section 3] necessary conditions regarding the structure of a solvable group were exhibited in order that it might be a B-group. Sufficient conditions for a solvable group in order to guarantee that it be a B-group, were only scarcely touched upon up to now, as far as we know. Namely, the interested reader might come across the next two theorems whose proofs rely on earlier results obtained in [9] .
Theorem 10 from [9] . Let G be a B-group. Suppose that G has an elementary abelian chief section of order p t , p prime, t ≥ 2.
Assume p t ̸ = 4. Then G contains an elementary abelian minimal normal Sylow p-subgroup of order p t where either p = 2, t = 3 or p = 2, t = 5 or p odd, t = 3 holds.
If p t = 4, then either G contains an elementary abelian minimal normal Sylow 2-subgroup of order 4 or else G contains at least one Sylow 2-subgroup isomorphic to the quaternion group Q of order 8. In both of these cases for p t = 4, G is solvable. If a Sylow 2-subgroup S of G is isomorphic to Q, we get that either S is normal in G or else that there exists L ≤ K ≤ G with L G with K /L ∼ = Q and L ∼ = C 5 × C 5 or L ∼ = C 11 × C 11 , such that G/C G (L) ∼ = SL(2, 3) in case L is isomorphic to C 5 × C 5 or G/C G (L) ∼ = SL(2, 3) × C a in case L is isomorphic to C 11 × C 11 ; here a = 1 or a = 5 holds.
Theorem 11 from [9] . Let G be a solvable group. Assume the following (a) Any non-cyclic Sylow subgroup of G is normal in G, and (b) Any two subgroups of G of equal order that are contained in the Fitting subgroup of G, are conjugate in G.
Then G is a B-group.
As above, let us use the symbol Q to indicate that it represents the quaternion group of order 8 up to isomorphism. In [1, Theorem 4] it was shown that any non-abelian Sylow 2-subgroup S of a solvable B-group X is isomorphic to Q. Let us investigate this case in more detail. Suppose S X . Then X will admit a non-cyclic chief factor of order 4. [This can be seen as follows. Suppose the contrary were true, that is, there exists a series X ≥ · · · ≥ U 1 > U 2 ≥ · · · ≥ U 3 > U 4 ≥ · · · ≥ U 5 > U 6 ≥ {1} of normal subgroups U 1 , U 2 , U 3 , U 4 , U 5 , U 6 of X with U 1 /U 2 ∼ = C 2 ∼ = U 3 /U 4 ∼ = U 5 /U 6 . Then U 3 has its Sylow 2-subgroup cyclic of order 4 (by the structure of Q). So, by [6, 10.1.8] , U 3 is 2-nilpotent and therefore there exists a characteristic subgroup U of U 3 with 2 |U | and U 3 /U ∼ = C 4 . This U ▹ X holds, whence X/U contains U 3 /U as a cyclic normal subgroup of order 4 and so each Sylow 2-subgroup of X/U is isomorphic to Q. Then, however, X/U (whence also X ) is not a B-group. We have arrived at a contradiction.] Thus we see that X satisfies the assumptions of Theorem 10 from [9] , whence also the conclusion of that theorem.
Observe that it was mentioned in [9, Theorem 10] that a solvable B-group might have nonnormal Sylow 2-subgroups isomorphic to Q. In the Theorems 3.1-3.3 in this paper we will exhibit results in the spirit of [9, Theorem 11] by establishing necessary and sufficient conditions for a solvable group X containing non-normal Sylow 2-subgroups, to be a B-group; it answers a question been left in [9] . Next assume that Y is a solvable group containing a normal Sylow 2-subgroup isomorphic to the quaternion group of order 8. Then Theorem 4.1 in this paper will provide necessary and sufficient conditions in order that Y be a B-group. In the four theorems just mentioned, solvable groups T of odd order are involved containing a normal subgroup W of index 3. These groups T and W will be classified by means of pronouncements like "T and W are both B-groups if and only if . . . ; T is a B-group and W is not a B-group if and only if . . . ; T is not a B-group and W is a B-group if and only if . . . ". We carry this out in the Theorems 5.1 and 5.3 in this paper. Related to all this, necessary and sufficient conditions for a group Z with (6, |Z |) = 1 to be a B-group, are obtained in the Corollaries 5.4-5. 6 .
In addition, as far as solvable groups are concerned, necessary and sufficient conditions for a group containing an abelian Sylow 2-subgroup remained to be established in order that it be a B-group, see [1, Theorem 4] and [9, Theorem 11] and notably the Theorems 6.1, 7.1-7.5 and 8.1 in this paper.
In general, let us consider a Sylow subgroup S of some solvable B-group G. Then S is either cyclic or elementary abelian but not cyclic or it is quaternion of order 8. The quaternion case has been elucidated above. If S is elementary abelian but not cyclic, then the Theorems 2 and 10 from [1] tell us that S is a minimal normal subgroup of G. So, if the B-group G is of odd order it satisfies the assumptions of [9, Theorem 11] . Hence [9, Theorem 11] provides necessary and sufficient conditions for a group of odd order to be a B-group, but as it will be observed in the Sections 5 and 7, much sharper results exist in connection to any order investigations on the B-group property. If S is a cyclic 2-group, then G is a 2-nilpotent group, i.e. there exists a normal subgroup N of G satisfying G/N ∼ = S; view [3, IV.2.8 Satz]. Hence any non-cyclic Sylow subgroup (if any) of such a B-group G is contained in N and in the Fitting subgroup of G as we saw above. Hence, if the B-group G contains a cyclic Sylow 2-subgroup, then G is determined by the contents of Theorem 11 from [9] once again. In Section 8 we provide a (more) complete classification of those B-groups.
We mentioned at the beginning of the Introduction, that Theorem 9.1 deals with a group G containing a normal subgroup isomorphic to the simple group SL (2, 32) . The assertion to be verified there, has again the shape "G is a B-group if an only if . . . ". [In relation to N G, N ∼ = SL(2, 32), we note that the announcements of the statements in Theorem 7 ′′ and in Theorem 9 both from [1] are not precise enough. Namely, in Theorem 7 ′′ , read "M⟨α⟩/⟨α 5 ⟩" instead of "M⟨α⟩"; in Theorem 9, read "N⟨α⟩/⟨α 5 ⟩" instead of "N⟨α⟩". The proof of the assertions in these theorems require accordingly some easy adjustments that we leave to the reader.]
To close with, any group all of whose Sylow subgroups are cyclic, is a B-group. See (Corollary to [2, Theorem 3] ).
Therefore it has been established now by means of necessary and sufficient conditions for the structure of a given group whether it be a B-group or not.
We conclude the Introduction by reporting some special notations; the symbol G indicates a finite group throughout.
H ≤ G -H is a subgroup of G H < G -H ≤ G and H ̸ = G N G -N is a normal subgroup of G N ▹ G -N G and N ̸ = {1} Z (G) -the centre of G F(G) -the Fitting subgroup of G Syl p (G) -the set consisting of the Sylow p-subgroup of G for a given prime p dividing the order of G a g -g −1 ag, with a ∈ G T g -{g −1 tg | t ∈ T }, with T a subset of G C G (B) -{a ∈ G ab = ba for all b ∈ B}, with B ≤ G N H (D) -{t ∈ H | t −1 Dt = D}, with D a non-empty subset of G |R|, #R -the number of elements of the subset R of G |a| -|⟨a⟩|, with ⟨a⟩ the cyclic subgroup of G generated by the element a ∈ G C n -a cyclic group of order n ⟨A, B⟩ -the subgroup of G generated by the elements of its subsets A and B and the inverses of those elements ⟨a, b⟩ -⟨⟨a⟩, ⟨b⟩⟩, with a ∈ G and b ∈ G [A, B] -the subgroup of G generated by the elements (a −1 b −1 ab) ±1 , where a runs through A and b runs through B, with A ≤ G and B ≤ G U × V -{(u, v) | u ∈ U, v ∈ V }, with U and V groups A × B ≤ G -{ab | a ∈ A, b ∈ B}, with A ≤ G, B ≤ G, [A, B] = {1} p| |G| -the prime p divides |G| p |J | -the prime p does not divide |J |, with J a finite set p a ∥ |G| -the prime power p a ( p prime, a ∈ Z ≥1 ) divides |G|, but p a+1 does not A 5 -the alternating group on five symbols SL(2, q) -the group of 2 × 2-matrices, where the determinant of each matrix is equal to 1 and where the coefficients of each matrix belong to the finite field consisting of q elements Gal(F/P) -the Galois group of the finite field F, with P being the prime field of F Γ (1, t) -the group of the semi-linear maps x  → bx s , with x ∈ F, F a finite field with #F = t, b ∈ F \ {0}, s ∈ Gal(F/P) Γ L(2,32) -the semi-direct product SL(2, 32) ⟨c⟩, with ⟨c⟩ a cyclic group of order 5 acting on each element of SL (2, 32) by exponentiating all the coefficients of the matrices belonging to SL(2, 32) into the fifth power (x, y) -the greatest common divisor of the positive integers x and y 1. The classification of the non-solvable G-groups whose Sylow 2-subgroup are non-abelian
We refer to the comments in the Introduction. What remains to show, is the truth of the following Theorems 1.1 and 1.2. If done, the classification of the groups as meant in the title of this section, is complete. Notice that some solvable B-groups of odd order are involved here; their structure will be elucidated in Section 5. 
∈ H, (|H |, 870) = 1. Then the following are equivalent.
1. G is a B-group; 2. S does not centralize M and H ⟨d⟩ is a B-group.
Proof. (1) ⇒ (2) Suppose G is a B-group. We have S M G, whence H ⟨d⟩ is a B-group because of H ⟨d⟩ ∼ = G/S M. Furthermore, as there are precisely thirty subgroups of G of order 29, we get |G :
(2) ⇒ (1) This is [4, Satz 3.3.9] . The theorem has been proved.
As to the question whether H is a B-group where H appears in Theorem 1.1 as subgroup of the B-group H ⟨d⟩, the answer will be given in Corollary 5.7.
Then the following are equivalent.
1. G is a B-group; 2. S does not centralize M and H ⟨ f ⟩ is a B-group. Proof. This follows from the independent Corollary 5.6 (the group G there, plays the role of H ⟨ f ⟩ here and the group N there, plays the role of H here.)
Some preliminary results on p-nilpotent B-groups
In this section some results are established in which p-nilpotent B-groups are involved, of use in several theorems in this paper.
Lemma 2.1. Let G be a B-group of odd order. Assume there exists N G with |G/N| = q, where q is a prime dividing 15. Then G is q-nilpotent.
Proof. Suppose G is a minimal counterexample to the lemma. Since G is solvable by the Feit-Thompson theorem, it follows from [9, Theorem 3] that any minimal normal subgroup M of G contained in N, is isomorphic to C p or to C p × C p or to C p × C p × C p for some prime p ≥ 3. Suppose M is not cyclic. Then M is the unique Sylow p-subgroup of G; see [1, Theorem 2.e]. It holds that p ̸ = 3 when q = 3 or that p ̸ = 5 when q = 5. The B-group G/M with |(G/M)/(N/M)| = q is q-nilpotent by assumption, thus now G itself turns out to be q-nilpotent. Thus we must have M ∼ = C p . If p does not divide 15, then we can argue as before. Hence assume p | 15. So, as G/M is a B-group and not a counterexample to the Lemma, there exists U/M G/M with N ≥ M such that (G/M)/(U/M) is a q-group with q |U/M|; note
Since |M| = p with p | 15, we get that U/C G (M) is a 2-group; on the other hand, U/C G (M) is of odd order. Hence U = C U (M). As q | |M| and q |U/M|, it follows from M ≤ Z (U ) that U = M × R where R is the unique subgroup of U satisfying |U/M| = |R|; the existence of R is justified by the Schur-Zassenhaus theorem [3, I.18.1 Hauptsatz] just by (|M|, |U/M|) = 1. Hence R G follows, where G/R is a q-group whereas R is a q ′ -group. Therefore G is q-nilpotent, a contradiction to the non-q-nilpotency assumption in respect to G.
The Lemma has been proved.
Lemma 2.2. Suppose G is a p-nilpotent B-group for some prime p. Then the Sylow p-subgroups of G are cyclic.
Proof. Let S ∈ Syl p (G) be given. Then S is isomorphic to the B-group G/O p (G). Thus S is cyclic; see [1, Theorems 2 and 4].
Theorem 2.3. Assume N G with 2 |N|. Suppose all Sylow p-subgroups of G are cyclic whenever p is a prime dividing |G/N|. In addition assume N is a B-group. Then every H ≤ G with N ≤ H is a B-group.
Proof. Let H be a subgroup of G containing N. By assumption N is a B-group. We may assume that H contains at least one non-cyclic Sylow subgroup; indeed, if otherwise, H is a B-group by the corollary to [2, Theorem 3] . So, let q 1 , . . . , q t be those primes dividing |H | for which some Sylow q i -subgroup Q q i of H is non-cyclic. Hence by Sylow's theorem no q i (i = 1, . . . , t) divides |G/N|. Therefore any such Sylow q i -subgroup of H happens to be a normal subgroup of N, as N is a B-group; see [1, Theorem 2]. So Q q i H for each i = 1, . . . , t. Put E =  t i=1 Q q i . Then the Fitting subgroup F(H ) of H equals E ×C, where C is a cyclic subgroup of H satisfying q i |C| for each i = 1, . . . , t. We have F(N) ≤ F(H ) as F(N) is a nilpotent normal subgroup of H . Hence F(N) = E ×C, whereC stands for F(N) ∩ C.
Suppose U and V are subgroups of F(H ) of equal order. We will show that U and V are conjugate in H . It implies that H is a B-group due to [9, Theorem 11] .
We have
, because of (|E|, |C|) = 1; see the corollary to [8, Theorem 4.9] . Now, as N is a B-group and as ⟨U ∩ E, V ∩ E⟩ ≤ F(N), the property |U ∩ E| = |V ∩ E| yields the existence of n ∈ N satisfying (U ∩ E) n = V ∩ E. Furthermore, U ∩ C is equal to V ∩ C as the nilpotent group F(H ) contains a unique cyclic subgroup of order |C| (which is C) due to F(H ) = E × C with (|E|, |C|) = 1. Therefore, as 3. The classification of the solvable B-groups whose Sylow 2-subgroup are not normal (i.e. #Syl 2 (G) ≥ 2 for such G)
In this section necessary and sufficient conditions for a solvable group G satisfying #Syl 2 (G) ≥ 2 in order that it be a B-group, will be established.
Theorem 3.1. Let G be a group with S ∈ Syl 2 (G) non-abelian. Suppose G contains a minimal normal subgroup M isomorphic to C 5 × C 5 .
Then the following are equivalent 
is equal to the internal direct product MT just by M ∈ Syl 5 (G). Observe that T is a characteristic subgroup of C G (M) whence T G follows. As a consequence T contains all t-elements of G whenever t is a prime dividing |G| but not dividing 30.
Assume for a moment that the group G/M (it is a solvable B-group) does not possess a normal Sylow 2-subgroup. Then there would exist U G with U/M ∼ = C 11 × C 11 ; note 5 |G/M| and apply [9, Theorem 8] . So, as the 11-elements of U are contained in T , we see that there should exist a minimal normal subgroupŪ of G withŪ ∼ = C 11 × C 11 centralizing M. Then, however, the proof of [9, Theorem 10] reveals thatŪ and M cannot exist together in a solvable B-group that satisfies the hypothesis of the theorem; a contradiction.
Thus G/M contains a normal Sylow 2-subgroup S M/M isomorphic to Q with S ∈ Syl 2 (G); see [9, Theorem 10] . Now observe that (G/M)/C G/M (S M/M) has order 3. No factor group of any B-group can be isomorphic to C 3 × C 3 . Therefore N /M = C G/M (S M/M). It follows now from (|T |, |S M|) = 1 and the above results, that N equals the internal direct product of T and S M. Just by Lemma 2.1 applied on the B-group G/M, we get that (G/M)/(S M/M) is a 3-nilpotent solvable B-group, where moreover (N /M)/(S M/M) is a 3-nilpotent solvable B-group as well. So, as S M is a normal Hall {2, 5}-subgroup of G, there exists a 3-element a such that it holds that a 3 ∈ T , whereas T ⟨a⟩ and T are both B-groups with T T ⟨a⟩. Hence the Lemmas 2.1 and 2.2 reveal that the B-group T ⟨a⟩ has cyclic Sylow 3-subgroups. Now observe that O 3 ′ (T ) is characteristic in T with T /O 3 ′ (T ) is a B-group. The stated property in the theorem regarding the group MS⟨a⟩ (it is isomorphic to the B-group G/O 3 ′ (T )) follows immediately by viewing the isomorphic groups G/O 3 ′ (T ) and MS⟨a⟩.
(b) ⇒ (a) Consider G/M. It holds that ST M/M is equal to the internal direct product of the groups S M/M and T M/M. The element a M ∈ G/M has the property that (a M) 3 = a 3 M ∈ T M/M.
We observe that a M ∈ T M/M would lead to a ∈ T M and then to [⟨a⟩, M] = {1}, which is not possible by the hypothesis written down regarding MS⟨a⟩/⟨a 3 ⟩. Thus a M is a 3-element of G/M not belonging to T M/M. Since T M/M is isomorphic to the B-group T and as (T M/M)⟨a M⟩ ∼ = T ⟨a⟩M/M ∼ = T ⟨a⟩, (T M/M)⟨a M⟩ is a B-group as well. Therefore the hypotheses in (b) in connection to [9, Theorem 11] regarding the group G/M, reveal now that G/M is a B-group.
Now consider H ≤ G and K ≤ G with |H | = |K |. We split up:
As |H | = |K | holds, we conclude that H and K are conjugate to each other in G. 
So, without loss of generality we may and will assume in the sequel that H ∩ M = K ∩ M is fulfilled, in order to show the conjugacy of H with K . Therefore H and K are both contained in N G (H ∩ M). As all the subgroups of order 5 of M are transitively permuted under the conjugation action by the elements of MS⟨a⟩, we get |G : N G (H ∩ M)| = 6. Now, due to the quaternion structure of the Sylow 2-subgroups of G, all Sylow 2 subgroups of N G (H ∩ M) are cyclic of order 4. We have G/M T ∼ = SL(2, 3) and also , each being generated by an element of order 4, centralize T . Since also M centralizes T , we conclude from the above that
is an internal direct product of the groups T and R, say, where R being order 20, has all of its Sylow 2-subgroups cyclic of order 4. Hence R is a B-group by (corollary to [2, Theorem 3] ). As T is a B-group by assumption in (b) and as (|T |, |R|) = 1, T R is a B-group; see [1, Lemma 3] . Hence indeed H and K , being subgroups of the B-group N G (H ∩ M) (which is T R), are conjugate to each other in G. The Theorem has been proved.
As to the structure of the B-groups T and T ⟨a⟩ appearing in Theorem 3.1, see Theorem 5.1.
Theorem 3.2. Let G be a group whose Sylow 2-subgroups are non-abelian and not normal in G. Assume that G contains a minimal normal subgroup M isomorphic to C 11 × C 11 and that 5 divides the order of G/C G (M). Then the following are equivalent.
(a) G is a solvable B-group; = m for all m ∈ M and for all t ∈ G with |t| = 2, or else there exists t ∈ G with |t| = 2 such that tmt −1 = m −1 for all m ∈ M. In the first case t ∈ C G (M) holds for all t ∈ G of order 2; let us now proceed with that alleged possibility.
Consider ⟨t | |t| = 2, ⟨t⟩ ≤ G⟩; it constitutes a normal subgroup of G which is contained in C G (M). Any Sylow 2-subgroup of the B-group G is given to be non-abelian, so it is isomorphic to Q by [1, Theorem 4] . Therefore, by Sylow's theorem there exists for each t ∈ G of order 2, a suitable element u of order 4 satisfying u 2 = t; conversely any square of an element of order 4 acts trivially on all of M under conjugation by assumption. Suppose sas −1 ̸ ∈ ⟨a⟩ for some a ∈ M and some s ∈ G of order 4. Then ⟨a, sas −1 ⟩ = M and s(a · sas −1 )σ −1 = sas −1 · s 2 as −2 = sas −1 · a = a · sas −1 . So, there would exist c ∈ M of order 11 such that scs −1 = c. It is Masahke's theorem that reveals that M = ⟨c, f ⟩ where scs −1 = c and s f s −1 ∈ ⟨ f ⟩. As G is a B-group we must have now, that s f s −1 = f , i.e. s ∈ C G (M), a contradiction to the assumption sas −1 ̸ ∈ ⟨a⟩. Therefore, in the case we are still in sms −1 ∈ ⟨m⟩ has to hold for all elements of order 4 of G and for all m ∈ M. Now Aut(C 11 ) ∼ = C 10 holds. Assume that C G (M) contains, at least, one element of order 4. Then, as G is a B-group, all elements of order 4 of G are contained in C G (M), whence each Sylow 2-subgroup of G is contained in C G (M). This contradicts |G : N G (E)| = 12 for each E ≤ M of order 11. In other words, for all s ∈ G of order 4 and for all m ∈ M it should hold that sms −1 is equal to m −1 . There exists s ∈ Syl 2 (G) with s ∼ = Q, so inside s there exist elements y, x and yx all of order 4. And thus we get (yx)m(yx) −1 = ym −1 y −1 = m, a contradiction. We conclude that the first case, as it was called above, does not occur.
Thus it holds that there exists some involution t ∈ G such that tmt −1 = m −1 for all m ∈ M. There exists an element v in some suitable Sylow 2-subgroup I of G that satisfies v 2 = t. There exists also an element j ∈ I of order 4 such that I = ⟨v, j⟩; remember I ∼ = Q. Now v j is an element of order 4 too; we have 
= H v and we are done. Re (2) In this case H and K are contained in suitable Hall 11 ′ -subgroups of G and we have seen above that not only these Hall 11 ′ -subgroup are conjugate to each other but also that they are B-groups. Thus it is clear that H and K are conjugate to each other in this case.
Re (3) Now suppose 11 | |H | and 121 |H |. Then H possesses a normal Sylow 11-subgroup, call it E. Note that the group M LS⟨a 3 , d⟩ is the only existing normal subgroup of G of index 5; write T = M LS⟨a 3 , d⟩. [Indeed, G is given to possess cyclic Sylow 5-subgroups yielding the uniqueness of T G with |G/T | = 5.] Since all twelve existing subgroups of order 11 are G are permuted transitively as sets by elements of G under conjugation action (due to |G : N G (E)| = 12), we can and will assume without loss of generality, that E is contained in H ∩ K . Now observe that it is clear from the assumptions under (b) 
We get that H ≤ T holds as soon as K ≤ T is fulfilled.
[Namely, it is a fact that all Sylow p-subgroups of G are contained in T when p ̸ = 5 and that all subgroups ⟨u 5 ⟩ ≤ G are contained in T whenever ⟨u⟩ ∈ Syl 5 (G); moreover any 5-subgroup of G properly contained in a Sylow 5-subgroup of G, is contained in T . Now |H | = |K | is supposed to hold with K ≤ T . By the above remarks we thus get that all Hall 5 ′ -subgroup of G are contained in T (whence any 5 ′ -subgroup of G is contained in T as well by Hall's theorem) and furthermore, we get that all Sylow 5-subgroups of H (being of the same order as a Sylow 5-subgroup of K ) are also contained in T . Hence as H is generated by all of its Sylow subgroups we get indeed H ≤ T .] Now T is a B-group, yielding that H and K are conjugate in T (whence in G) as soon as both H and K are contained in T . Therefore we will now assume in addition that T ∩ H ≤ H and T ∩ K ≤ K , due to the above reasoning. As T is a B-group there exists t ∈ T such that (T ∩ N ) t = T ∩ K . Thus without loss of generality we may and will assume that
holds, Sylow's theorem yields the existence of an element xn with x ∈ S H and n ∈ N T (T ∩ H ) such that
H and the equality ( * * )
Therefore G is a solvable B-group. The proof of the Theorem is complete.
As to the structure of the groups L and L⟨a⟩ in Theorem 3.2, see Theorem 5.1.
Theorem 3.3. Let G be a group whose Sylow 2-subgroup are non-abelian and not normal in G.
Assume that G contains a minimal normal subgroup M isomorphic to C 11 × C 11 and that 5 does not divide |G/C G (M)|. Then the following are equivalent. 
Let X and Y be subgroups of G of equal order with 11 | |X | and 121 |X |. Since {M} = Syl 11 (G), it follows that X and Y possess normal subgroups E andĒ respectively, each of order 11. The groups E andĒ are conjugate to each other as |G : N G (E)| = 12 holds due to #{D|D ≤ M, |D| = 11} = 12, the statement |G/N G (C)| = 12 being given in the statements under (b), {M} = Syl 11 (G), and ⟨E,Ē⟩ ≤ M holds. Thus without loss of generality we can and will assume in the sequel that E ≤ X ∩ Y , i.e. ⟨X, Y ⟩ is contained in N G (E). Let us consider the internal structure of N G (E). We have |G : N G (E)| = 12 and
, as the order of C G (M) is odd and as no involution of G is a central element of G. Thus N G (E) = C G (M)⟨t⟩ for some involution t ∈ S. It is clear that M(S × L)/M is the internal direct product of a group isomorphic to Q and a group isomorphic to C G (M)/M; notice that C G (M)/M is of odd order not divisible by 11. It is given that t acts on M by conjugation in that it inverts all elements of M. Thus we get that N G (E) is equal to the internal direct product of the subgroups M⟨t⟩ and L; notice that L ∼ = C G (M)/M with (|L|, |M⟨t⟩|) = 1. Thus we have that X is equal to the inner-direct product of the subgroups X ∩ M⟨t⟩ and X ∩ L, whose orders are relatively prime to each other. A like expression is in vogue for the group Y . Now, in order to show that G be a B-group, we have to show that there exists
Thus we get from the information gathered around the groups
= Y ∩ L should hold. Now b has to be equal to the product of a suitable element r ∈ M⟨t⟩ and v ∈ L.
E⟨k⟩}.
It holds that either X ∩ M⟨t⟩ = E = Y ∩ M⟨t⟩, or that otherwise X ∩ M⟨t⟩ = E⟨d⟩ and Y ∩ M⟨t⟩ = E⟨g⟩ with |d| = 2 = |g|. The order of M⟨t⟩ equals 242 = 2.11 2 . All Sylow 2-subgroups of M⟨t⟩ are conjugate in M⟨t⟩, by one of the Sylow theorems. Thus a fortiori there exists r ∈ M⟨t⟩ with d r = g, as ⟨d⟩ ∈ Syl 2 (M(t)) and ⟨g⟩ ∈ Syl 2 (M(t)). Since E M⟨t⟩, we also have
; the last property says that v normalizes E for sure. Hence we conclude
To close with, consider X ≤ G and Y ≤ G with |X | = |Y | and 11 |X |. Since G is solvable, Hall's theorems tell us that there exist Hall 11 ′ -subgroupsX andȲ of G for which X ≤X and Y ≤Ȳ holds. The groupsX andȲ are conjugate to each other in G by the Schur-Zassenhaus theorem (as they are both Hall-complements for M in G) and each of them is isomorphic to the B-group G/M. Hence indeed X and Y are conjugate in G.
We have shown that G is a solvable B-group. (a) ⇒ (b) The group G/M is a B-group as it is given now that G is a B-group. The order of G/M is not divisible by 11, due to [1, Theorem 2.e]. The structure of G/M is the same as described above. Note indeed, that it follows from the B-group structures of G and the obtained
The rest of the statements as mentioned under (b) analogously follow straightforward (and sometimes easier) as described in the converse setting. We leave it to the reader to verify this. Note, however, that the B-group property of G yields that any involution of N G (E) acts indeed on M under conjugation action through inverting each of its elements. The Theorem has been proved.
As to the structure of the groups L and L⟨a⟩ occurring in Theorem 3.3, see Theorem 5.1.
4. The classification of the solvable B-groups whose Sylow 2-subgroup are normal and non-abelian
In the following theorem we determine the structure of those solvable B-groups that contain a normal Sylow 2-subgroup isomorphic to Q. It provides the classification of the B-groups as meant in the title of this section.
Theorem 4.1. Let S be a Sylow 2-subgroup of a group G. Assume S ∼ = Q and S G.
(1) G is a solvable B-group; (2) There exists a 3-nilpotent subgroup L⟨a⟩ of G of odd order such that G = (S × L)⟨a⟩ in such a way that L and L⟨a⟩ are solvable B-groups satisfying ⟨a⟩ ∈ Syl 3 (G),
Let N/Z(S) be the centralizer from S/Z(S) in G/Z(S). Thus N G and G/N is isomorphic to a subgroup of Aut(S/Z(S)), i.e. G/N is isomorphic to a subgroup of the symmetric group S 3 on three symbols. Now 2 |G/N| as otherwise N would be 2-nilpotent admitting a factor group of order 4 being isomorphic to a non-cyclic Sylow 2-subgroup of N by [6, 10.1.8] and by arguments like those precedent above the statement of the theorem. Hence we get |G/N| = 3. [Otherwise
Besides that, the solvable B-group G/S is 3-nilpotent as the order of G/S is odd and as N/S G/S with |G/N| = 3.
Therefore G/S admits a factor group isomorphic to a Sylow 3-subgroup of G/S; it is now a B-group, whence cyclic. All in all, G itself has its Sylow 3-subgroups cyclic. We get
Observe that L⟨a⟩ ∼ = G/S so that L⟨a⟩ is a solvable B-group. Furthermore 2 |L⟨a⟩| as we saw above; moreover, it was shown that [⟨a 3 ⟩
. Consider subgroups C × W and C × D of G with |C| = 4 and W ≤ L and D ≤ L arbitrarily chosen with |W | = |D|. Hence, as G is a B-group, there exist suitable elements q ∈ S, ℓ ∈ L and i ∈ {0, 1, 2} such that 
. Then G is a solvable B-group. This statement can be proved by considering the following exhaustive sub-cases (a)-(d) concerning subgroups H and K of G of equal order; we will show that K and H are indeed conjugate to each other in G.
(a) The case |H | = |K | with |H | dividing 8. By S ▹ G it holds that H ≤ S and K ≤ S. Now either H and K are both cyclic of order 4, whence conjugate to each other by means of a or a −1 under conjugation, or else H = K by the quaternion structure of S. We are done in this case.
Therefore the order of a Sylow 2-subgroup of K is the same as the order of H ∩ S. The structure of the subgroups of S reveals now that H ∩ S ∼ = K ∩ S; remember S ∼ = Q and note that any 2-subgroup of G is a subgroup of S. We split up this sub-case (c) into two further sub-cases (c)(1) and (c) (2) .
of H of odd order; indeed, once again apply the Schur-Zassenhaus theorem. Likewise K = Z(S) × C for some C ≤ K with |C| = |U |. Now, by Hall's theorems as featuring in solvable groups, it holds that U ≤Ū ≤ G with G = SŪ and S∩Ū = {1} and C ≤C ≤ G with G = SC and S ∩ C = {1} for suitable subgroupsŪ andC of G. Moreover, by a theorem of Hall's,C andŪ are conjugate to each other in the solvable group G; as such, consult [3, VI.1.7 Hauptsatz]. Now, each ofC andŪ is isomorphic to G/S. As L⟨a⟩ is given to be a B-group and asŪ ∼ = L⟨a⟩ ∼ =C withC =Ū w for some suitable w ∈ G, it holds that U w ≤C and that |U w | = |C|; whence U w and C are conjugate withinC (as C is a B-group) by means of an elementc ∈ C, i.e. C = (U w )c = U wc . It follows that
The 3-element a does act non-trivially on S under conjugation action by permuting the three subgroups of S of order 4 transitively. So, without loss of generality we may and will assume that H ∩ S = K ∩ S holds. Thus we have H ∩ S H and H ∩ S K . Write C = H ∩ S. It follows from the given structure of G in the statement (2) of the theorem, that |G : 
The group L is a B-group with 2 |L|, by assumption. Thus there exists ℓ ∈ L with W ℓ = D. Therefore, (a), (b), (c) or (d) . This concludes the proof of (2) ⇒ (1).
The proof of the Theorem is complete.
As to the structure of the groups L and L⟨a⟩ of Theorem 4.1, see Theorem 5.1.
On the classification of B-groups of odd order
In this section necessary and sufficient conditions will be exhibited, in order that a group of odd order be a B-group.
Theorem 5.1. Let G be a B-group of odd order. Suppose there exists N G with |G/N| = 3. Assume that N is a B-group. Let P be the (normal) subgroup of G generated by all non-cyclic subgroups of prime power order whenever any such subgroup exists. Then either all Sylow subgroups of G are cyclic or else Conversely, let Y be a group of odd order. Suppose there exists N Y with |Y/N| = 3. Suppose that either all Sylow subgroups of Y are cyclic or else that the group P generated by all the noncyclic subgroups of Y of prime power order is not trivial. Assume in addition that the properties as stated above in (a) and (b) regarding these subgroups N, P and the corresponding subgroups F(N) and S ∈ Syl 3 (N) do hold. Then N is a B-group. In addition if any Sylow 3-subgroup of Y is cyclic, then Y is a B-group too.
Proof. We start by proving the direct part of the theorem. Suppose G contains a non-cyclic Sylow p-subgroup M. Then [9, Theorem 10] yields that M is a minimal normal subgroup of G and that |M| = p u with 2 ≤ u ≤ 3. Then [9, Theorem 8] shows that u = 3 must hold, i.e. M ∼ = (C p × C p × C p ). Also, by [9, Theorem 10], p ≥ 5 holds as G and N are B-groups satisfying |G/N| = 3. Therefore M N. [Likewise, if R is a non-cyclic Sylow t-subgroup of the B-group N for some prime t, then R ∼ = (C t × C t × C t ) holds and R is a characteristic subgroup of N as well; furthermore, t is at least 5.] Observe that G does possess cyclic Sylow 3-subgroup as we argued above. The group M is a minimal normal subgroup of N as well, as N is a B-group. Consider the structure of G/C G (M) as it is validated by the three cases (1)-(3) of [9, Theorem 6] . In the sequel of this proof we focus our attention on a chosen subgroup C of M of order p. We split up according to the cases 
is a B-group as it is of order 3. The group G/C N (M) is a B-group as G is. Thus it holds that 3 does not divide |N/C N (M)|, whence 3 |G/C G (M)|; see [9, Theorem 6] . This, however, contradicts 3 | |G/C G (M)| as it has to be in case (2) . (2) . [Indeed, could it be possible that C N (C) is equal to C G (C)? Well, let us assume it would be true. Then G/N and
We know that |G/N| = 3 and that |N :
is also a Sylow t-subgroup of G/C G (M) whenever t is a prime dividing k. Let u be a prime for which there exists
N follows. Therefore, as 3 p − 1 in case (2), it cannot be that N satisfies case (1) and (2) by itself, as in these cases N N (C) would not be normal in N and 3 p − 1; view [9, Theorem 6] . Thus N is a B-group that satisfies case (3), i.e. N/C N (W ) is cyclic for any non-cyclic W N of prime power order; view again [9, Theorem 6] . Consider any chief factor X/Y of N and its centralizer C N (X/Y ) in N (being equal to {t ∈ N | tnt −1 Y = nY for all n ∈ X }). Assume X/Y is not cyclic, whence it is elementary abelian of order q a (a ≥ 2, q-prime) as N is solvable. So, N must contains a non-cyclic minimal normal subgroupM of order q 3 as N is a B-group whencē M is a Sylow q-subgroup of N as well as argued above. Since N/Y is a B-group, |X/Y | = q 3 follows too as q cannot divide |Y |. Thus X = M T for some T X with (M, T ) = 1. We
N, it holds that N/C N (X/Y ), being isomorphic to a quotient group of the cyclic group N/C N (M), is cyclic. Suppose, that D/E is some cyclic chief factor of N, where it is of odd prime order. Thus N/C N (D/E) is cyclic as it can be isomorphically embedded in the cyclic group Aut(D/E). Let I be defined as the intersection of all groups C N (J ), where J runs over the set of all chief factors determined by a fixed chief series of N. Therefore, I N holds where N/I is isomorphic to a subgroup of the external direct product of all the groups N/C N (J ) with J running over the set of all chief factors of N just described. As shown above after applying the Jordan-Hölder theorem [3, I.11.5 Satz], all these N/C N (J ) are cyclic. It is a fact that the Fitting subgroup F(N) of N is equal to I , due to [3, III.4.3. Satz]. Thus we have shown that N/F(N) is abelian. Even better now, since N/F(N) is a B-group as N is, it follows that N/F(N) is cyclic. Herewith we close our observations around case (2) .
Let us proceed with case (3)
is cyclic as it is isomorphic to a subgroup of the cyclic group G/C G (M). It holds now, that N/F(N) is cyclic due to similar arguments as above. Furthermore, 3 p 2 + p + 1 holds, as otherwise the cyclic group G/N G (C), being of order p 2 + p+1, had to contain N/N G (C). [Indeed, 3 | p 2 + p+1 yields that there exists N G containing N G (C) with |G/N | = 3, because G/N G (C) is cyclic of order p 2 + p + 1. Now consider the B-group G/(N ∩N ). We see that it cannot be elementary abelian of order 9 since G/(N ∩N ) is a B-group. Hence N =N . Therefore, 3 p 2 + p + 1 has to hold, indeed, or equivalently 3 p − 1. So, 3 |N/C N (M)|, as shown in case (3) for N in [9, Theorem 6] .] We conclude that in both cases (2) and (3) for G/C G (M) a generator b of some cyclic Sylow 3-subgroup of G has the property that b 3 centralizes P (because of 3 |N/C G (P)|). Here we close our considerations concerning case (3) of [9, Theorem 6] 
as to G/C G (M).
Next, let us assume that P contains a minimal subgroup B of G, whose order d 3 (d prime) differs from p 3 , the order of M. We know that {M} = Syl p (G) and apparently {B} = Syl d (G). Since G is a B-group, all subgroups of G of order p are permuted inter alea under conjugation action by the elements of G; the same holds for all the subgroups G of order d and for all the subgroups of G of order pd. We have M N and B N. LetC ≤ B be of order d.
Since G is a B-group, we have |N :
Observe that we have shown above that N can only satisfy case (3) as described in [9, Theorem 6], this time for N/C N (M) and N/C N (B) instead of G/C G (M) and G/C G (B). It means that
is abelian (remember we are in case (3) for N).
Now N and N/N N (CC) are both B-groups.
. Now an easy inductive argument can be applied (we leave it to the reader to do so) in order to finish the proof of the step ⇒ of the theorem. [Note that N/C N (D/E) is cyclic for each chief factor
when K /L runs over all chief factors related to any given chief series of N and use that each N/C N (K /L) is a Bgroup.] Namely observe that is has been shown in the cases (2) and (3) for G/C G (M) above, that 3 |N/C N (P)| holds. Furthermore, we have C N (P) = P × F for some suitable F ≤ C N (P) due to (|C N (P)/P|, |P|)|(|N|, |P|) = 1, so that the Schur-Zassenhaus theorem [3, I.18.3 Hauptsatz] can be applied. Therefore any S ∈ Syl 3 (N) is contained in F.
The proof of the direct part of the Theorem is complete. Now we will prove the converse statement as postulated in the Theorem. Consider the group C N (P). It equals P × F for a suitable F ≤ C N (P) with |F| = |C N (P)/P|. It is given that for all S ∈ Syl 3 (N), S is contained in C N (P), whence any such S is contained in F. It holds that F N as F is a characteristic subgroup of C N (P), together with C N (P) N. Hence 3 |N/F|. Let M ≤ P be a minimal normal and elementary abelian subgroup of N. So {M} = Syl p (N) for some specific prime p. Thus the group
Hence, as M F/F is a minimal normal subgroup of N/F, we observe that N/F satisfies all the conditions of the group G as described in Corollary 5.5 to the independent Theorem 5.3. So N/F is a B-group. Now let U ≤ P and V ≤ P satisfy |U | = |V |. So |U F/F| = |V F/F|. Therefore, as N/F is a B-group, there exists n ∈ F such that (n F)(U F/F)(n F) −1 = V F/F, i.e. U n F = V F. The groups U n and V are both complements of F in V F with U n ∩ F = {1} = V ∩ F. Thus by the Schur-Zassenhaus theorem the subgroups U n and V are conjugate in V F. Hence U and V are conjugate in N. Thus we have shown that N/F(N) is cyclic and that all the subgroups of F(N) that are cyclic of equal order are conjugate in N; note that F(N) = P × K where K is a cyclic group with (|P|, |K |) = 1. Therefore, N satisfies the assumptions of [9, Theorem 11] as to the group given there. It implies that N is a B-group. Hence, Y is a B-group too, if any Sylow 3-subgroup of G is cyclic due to Corollary 2.4.
The Theorem has been proved. (1) there exists S ∈ Syl 3 (N) and non-cyclic T ∈ Syl t (N) for some prime t ≥ 5 satisfying [S, T ] ̸ = {1}; (2) there exists a prime a ≡ 1(mod 3) dividing |N| such that any member of Syl a (N) is non-cyclic; (3) N contains a non-cyclic R ∈ Syl r (N) and non-cyclic U ∈ Syl u (N) with distinct primes u and r satisfying (u 2 + u + 1, r 2 + r + 1) > 1. . This is the statement as described in the "direct part" of Theorem 5.1; note that the class of all the non-cyclic Sylow subgroups of G is equal to the class of all the non-cyclic Sylow subgroups of N, due to the Lemmas 2.1 and 2.2. Proof. We use the notations/definitions of the symbols in the statements of the theorem throughout the proof. We split up: (a) ⇒ (b) and (b) ⇒ (a).
Proof. (a) ⇒ (b). It follows from the Lemma's 2.1 and 2.2 that there exists a non-cyclic Sylow
(a) ⇒ (b) Suppose G is a B-group. Each Sylow subgroup is cyclic or elementary abelian, by [9, Theorem 2] . If some Sylow subgroup of G is not cyclic, then it is contained in F(G) (see [9, Theorem 10]) and its order equals p i 3 for a suitable prime p i due to [9, Theorems 8 and 10]; here 3 |G| is used. Thus statement (2) of (b) has been proved; notice that any such S i is a characteristic subgroup of the nilpotent group F(G), whence it is normal in G, and that subsequently S i is the unique Sylow p i -subgroup of G for that prime p i . Since Y is cyclic (by [9, Theorem 2]), it follows that G/C G (Y ) is abelian, for Y G holds, so that the factor group G/C G (Y ) is isomorphic to a subgroup of the abelian group Aut(Y ). Consider the structure of G/C G (S i ) if such a non-cyclic Sylow p i -subgroup S i of G does exist. Then [9, Theorem 6] 
, being isomorphic to a subgroup of the external direct product of the abelian groups G/C G (S 1 ), . . . , G/C G (S t ) and G/C G (Y ), is abelian itself. The group
On the other hand, G is solvable by the Feit-Thompson theorem. It reveals that C G (F(G)) ≤ F(G) holds, due to [3, III.4.2 Satz]. Thus we get T = F(G). Hence G/F(G) is abelian. We have seen above that all non-cyclic Sylow subgroups of G are contained in F(G). Therefore, all Sylow subgroups of G/F(G) are cyclic. [Indeed, whenS ∈ Syl p (G/F(G)) is not trivial for some prime p, thenS is of the form S F(G)/F(G), where S is a suitable Sylow p-subgroup of G; see [3, I.7 
.7 Hilfssatz]; now use that S F(G)/F(G) is isomorphic to the group S/(S ∩ F(G)).
The group S is cyclic as argued in the beginning of the proof of the theorem, whenceS is cyclic.] Hence G/F(G) is cyclic, so that the statement (1) of (b) has been verified.
Finally, we have to show the validity of statement (3) of (b), as the verification of the statement (4) of (b) is trivial. Now, as G is a B-group, |G :
here. In [9, Theorem 6] it has been shown that N G (C p i ) is here a normal subgroup of G independent of the choice of any subgroup of prime order of S i for a given prime p i , due to the B-group property of G. Suppose that primes p a and p b exist for which S a and S b are non-trivial non-cyclic Sylow subgroups of G. Choose E a ≤ S a of order p a and E b ≤ S b of order p b . The groups N G (E a ) and N G (E b ) are both normal in G.
is cyclic, and each of them is a B-group too; label this property as ( * ).
, is in fact isomorphic to the whole direct product G/N G (E a ) × G/N G (E b ) due to the orders of the groups involved. Here by property ( * ), see above, we are able to invoke [1, Lemma 3] , which tells us now that the highest common divisor of the two numbers p a 
Summarizing, it is given that each non-cyclic Sylow subgroup of G is normal in G and it has been shown that any two subgroups U and V of F(G) of equal order, are conjugate in G. Since G is solvable, we therefore have got that G satisfies the assumptions of [9, Theorem 11], yielding the B-group property for G.
Corollary 5.4. Suppose G is a group of odd order satisfying (3, |F(G)|) = 1. Assume that G contains, at least, one non-cyclic Sylow subgroup and that any such subgroup is elementary abelian of order p 3 , where p is some suitable prime. In addition assume that any such Sylow subgroup is normal in G and that any two subgroups of equal order which are contained in the group generated by these Sylow subgroups, are conjugate in G. Then G satisfies all four statements of the rubric (b) as mentioned in Theorem 5.3; in particular G is a B-group.
Proof. We are allowed to use the proof of the (b) ⇒ (a) direction of the proof of [9, Theorem 11]. We get that G is a B-group. The corollary follows now from the proof of the (a) ⇒ (b) direction of the assertion of the equivalency of the statements mentioned in (a) and (b) of Theorem 5.3.
Corollary 5.5. Let G be a group of odd order satisfying (3, |G|) = 1. Suppose G contains, at least, one non-cyclic Sylow subgroup. Let E be the class consisting of these subgroups of G. Assume in addition that each member of E is a normal subgroup of G and that each S i ∈ E is elementary abelian of order p i 3 , p i a prime with i ∈ {1, . . . , #E}. Suppose Thus let U be a subgroup of S 1 × · · · × S #E . We have to show that the numbers a i := #{C | C ≤ S i , |C| = |U ∩ S i |} satisfy the property |G : N G (U )| = Π #E i=1 a i , or otherwise said, #{V | V ≤ G, |U | = |V |} = |G : N G (U )| happens to be true, i.e. any two subgroups of G of order |U | are conjugate in G. Now, as (|U ∩ S t |, |U ∩ S v |) = 1, whenever
By hypothesis of the Corollary, (a m , a n ) = 1 holds, whenever 1 ≤ m < n ≤ #E and whatever the values a i may attain if i ∈ {1, . . . , #E}. Thus we are allowed to apply Poincaré's Lemma [6, 1.3 .11], so that we get that |G :
j=1 a j is equal to |G : N G (U )|, thereby representing the number of subgroups of G that are of order |U | on one hand, and on the other hand it represents the number of subgroups of G of order |U | which are conjugate to each other.
The Corollary has been proved.
The next corollary was used in the proof of Corollary 1.3; see also the remark after the proof of Theorem 9.1. Corollary 5.6. Let G be a group of odd order satisfying (3, |G|) = 1. Suppose N is a normal subgroup of G whose index is equal to 5 or to 29. Then N is a B-group if G is a B-group. Conversely, if N is a B-group and S ∈ Syl p (G) is cyclic for p dividing 145, then G is a B-group.
Proof. (a) Suppose G is a B-group. If all Sylow subgroups of N are cyclic, then N is a Bgroup, due to [2, Corollary to Theorem 3]. So we may assume that N contains, at least, one noncyclic subgroup S ∈ Syl t (N) for some prime t, whence there exists a non-cyclic U ∈ Syl t (G) with U ∩ N = S. In fact U = S holds by Lemma 2.1. Hence U is elementary abelian of order t 3 , as we know. Now, observe that neither 5 nor 29 divides a 2 + a + 1, whenever a is an arbitrary prime not dividing 145. [Indeed, assume the prime r with r | 145 divides a 2 + a + 1. Then r | a 3 − 1 = (a 2 + a + 1)(a − 1) follows. By Fermat's little theorem, r | a r −1 − 1 holds too, so that we get r | a (3,r −1) − 1 = a − 1, yielding the contradiction 0 ≡ a 2 + a + 1 = (a − 1) 2 + 3(a − 1) + 3 ≡ 3(mod r ); note r | 145 implies r ̸ = 3.] Now Lemma 2.1 tells us that the Sylow p-subgroups of G are cyclic when p | 145 holds. Thus t ̸ = p and so p t 2 + t + 1 when p | 145, as we have shown above. We have t 2 + t + 1 = |G : N G (C)| for some C ≤ U of order t j for j ∈ {1, 2}, again by the B-group property of G. Due to (|G : The next corollary answers a question raised in the remark following the proof of Theorem 1.1, by replacing G by H ⟨d⟩ and N by H ; but note that in Theorem 1.1 (|H ⟨d⟩|, 145) = 1 holds too.
Corollary 5.7. Let G be a B-group of odd order satisfying (3, |G|) = 1.
Assume there exists N G with |G/N| = 7. Then the following are equivalent.
(1) N is a B-group; (2) Each prime p for which there exists non-cyclic S ≤ N with |S| = p 3 , has the property that p 2 + p + 1 is not divisible by 7.
Proof.
(1) ⇒ (2). Suppose N is a B-group. Let S ≤ N be a non-cyclic of order p 3 , p prime. As 2 |N|, S N holds and S is elementary abelian; see [1, Theorem 2.e]. Since 3 |N|, it holds that for any C ≤ S of order p, N N (C) is a normal subgroup of N with |N/N N (C)| = p 2 + p + 1 and with N/N N (C) cyclic; use [9, Theorem 6] in connection to the B-group property of N. We have S ∈ Syl p (G) as G is a B-group. Hence |G : N G (C)| and also N G (C) G holds with G/N G (C) cyclic due to [9, Theorem 6] .
Thus we get G = NN G (C). Hence, if 7 | p 2 + p + 1 would be the case, there would exist N G (C) ≤ T G with |G/T | = 7; but now, since G is a B-group, the group N has to coincide with T . [Indeed, otherwise G/(N ∩T ) would be elementary abelian of order 7 2 and a B-group, as G is; such a group however, does not exist.] Hence we get
. If all Sylow subgroups of N are cyclic, then N is a B-group by [2, Corollary to Theorem 3]. So we may and can assume that there exists, at least, one non-cyclic Sylow subgroup of N. Since G is a B-group of odd order, any such S ∈ Syl p (N) satisfies S ∈ Syl p (G) with |S| = p 3 (note |S| ̸ = p 2 as G is a B-group of odd order; consult the Introduction as to S G and [9, Theorem 8]). It is given now, that 7 does not divide p 2 + p + 1, i.e. 7 |G : N G (C)| for any C ≤ S of order p, by the B-group property of G implying S G and S elementary abelian. Hence, as |G/N| = 7, NN G (C) = G holds. Therefore it follows that |N : The investigations dealt with in this section so far did concern the structure of a B-group G of odd order for which either 3 |G| holds or else for which Syl 3 (G) consists of cyclic 3-groups [In the latter case there exists N G with G/N isomorphic to a Sylow 3-subgroup of G, i.e. G is 3-nilpotent.] Due to [9, Theorems 6, 8 and 10] the only other case to study a B-group of odd order with 3 | |G|, is the case in which {S} = Syl 3 (G) holds, where S is isomorphic to C 3 × C 3 × C 3 . We provide the structure of such a B-group in the next theorem.
Theorem 5.8. Suppose G is a group of odd order which contains, at least, one non-cyclic 3-subgroup. Then the following are equivalent.
Proof (Sketch). (1) ⇒ (2) Suppose G is a B-group satisfying the assumption of the theorem. Then G contains an elementary abelian normal subgroup S of order 27. By [9, Theorem 6] G/C G (S) is cyclic of order 13; moreover N G (C) = C G (S) for each C ≤ G of order 3, as |G : N G (C)| = #{subgroups of G of order 3} = 13. Hence C G (S) = S × H (say) where H is a subgroup of C G (S) whose order is relatively prime to 3. As G is a B-group with |G/C G (S)| = 13, any Sylow 13-subgroup of G is cyclic. The proof of the fact that both H and H ⟨a⟩ are B-groups, does follow the same scheme as the proof of Theorem 7.5, (1) ⇒ (2), to which we kindly refer. Of course 3 |H ⟨a⟩| holds.
(2) ⇒ (1). The proof of the fact that G is a B-group, whenever the statements (2) above hold for G, does follow the same scheme as the proof of (2) ⇒ (1) direction inside the proof of Theorem 7.5.
6. On solvable groups G containing N G with N ∼ = C q × C q , q prime
In this section necessary and sufficient conditions on a group satisfying the assumptions of the title of this section, will be provided in order that the group satisfies the B-group property.
Theorem 6.1. Suppose M is a minimal normal subgroup of a solvable group G satisfying |M| = p 2 with p prime. Assume that G does not contain subgroups isomorphic to Q. Then the following are equivalent.
(1) G is a B-group; (2) G = M H with H a B-subgroup of G satisfying p |H |, where the group N H (C) is a normal subgroup of G of index p + 1 for each C ≤ G of order p. Furthermore, N H (C) is a solvable B-group and any non-cyclic R ≤ H of order r a with r prime, does satisfy a = 3.
According to [9, Theorem 8] ,
normalizes any arbitrary subgroup of G of order p); note that Q Sylow 2-subgroup of G is used here. Since (|G/M|, |M|) = 1, there exists H ≤ G satisfying p |H | such that G = M H . As G/M ∼ = H holds, it follows that H is a B-group. We will show that N H (C) is a B-group too.
Consider C ≤ D ≤ N G (C) for those D with {C} = Syl p (D). Likewise we consider C ≤ E ≤ N G (C) with {C} = Syl p (E) and |D| = |E|. Observe that M is elementary abelian and complemented in G whence it is also complemented in
where |W/C| is equal to |X/C|. Once again the Schur-Zassenhaus theorem provides the existence of suitable quotient groups A/C ≤ N G (C)/C and B/C ≤ N G (C)/C with p |A/C| |B/C| satisfying W/C = (M/C)(A/C) and X/C = (M/C)(B/C). We have shown above that such groups A/C and B/C are conjugate in
is a B-group. The statement |R| = r 3 , r prime, has been established inside the proof of [9, Theorem 10].
All statements in (2) have been verified now. 
This finishes the proof of (2) ⇒ (1); whence the proof of the Theorem is complete.
To close this section, we remind the reader that the following holds. Namely, suppose we are dealing with a solvable B-group G. In addition, assume that there exists M G with |M| = p 2 for some odd prime p and M ∼ = C p ×C P , where p does not divide 55. This G satisfies property (2) of Theorem 6.1 due to the fact that G has its Sylow 2-subgroups cyclic. [Indeed, view [9, Theorem 8] ; it is derived there that G admits a normal subgroup of index 2, from which the cyclicity of any Sylow 2-subgroup of that B-group G follows after some little thought; we omit the proof of that assertion.] See further in Section 8. If p | 55 is in vogue, then [9, Theorem 8] , tells us that either any Sylow 2-subgroup of G is cyclic (in which case we are in Theorem 6.1 again), or else any Sylow 2-subgroup of G is isomorphic to Q. The latter case has been dealt with in the Theorems 3.1-3.3; note that #Syl 2 (G) ≥ 2 in each of these theorems. The Theorem 4.1 in connection to [9, Theorem 8] reveals that a B-group admitting a normal Sylow 2-subgroup isomorphic to Q (such a B-group is solvable) does not admit a normal subgroup of order p 2 where p is a prime number. The classification of B-groups containing cyclic Sylow 2-subgroup will be discussed in Section 8.
Theorem 7.1. Let G be a B-group and assume G contains a minimal normal subgroup M of order 32. Then it holds that
and (4) the groups H ⟨a, b⟩, H ⟨a⟩, H ⟨b⟩ and H are B-groups.
Proof. Re (1) and (2) This is [9, Theorem 3] .
Re ( Re (4) The group H ⟨a, b⟩ is a B-group as it is isomorphic to the group G/M. Consider a subgroup E of M of order 4. Let L and L 1 be arbitrary subgroups of H of equal order. Consider the subgroups E L and E L 1 of M H ; they are of equal order. So, as G is a B-group, there exists g = a i b j hm ∈ G for suitable h ∈ H, m ∈ M, i ∈ {0, 1, 2, . . . , 30}, j ∈ {0, 1, 2, 3, 4} in such a way that g −1 E Lg = E L 1 . Now notice that E is the only subgroup in E L 1 of order |E| and that L 1 is the only subgroup of E L 1 of order |L 1 |, as (E|,
. Thus E a i b j = E. Now, by the proof of [9, Theorem 3], we know that the hundred-and-fifty-five elements of a full transversal set of representatives of cosets of C G (M) in G act transitively on the set of all the hundred-and-fifty-five existing subgroups of order 4 in M by conjugation action. It means
Therefore L 1 and L are conjugate by means of an element of H , i.e. H is a B-group. Now, let p divide 155 and consider, just as above, the group H ⟨c⟩ with ⟨c⟩ ∈ Syl p (H ⟨c⟩). Suppose that the group J generated by all non-cyclic Sylow subgroups of H ⟨c⟩ is not trivial. Then there exists a non-cyclic Sylow t-subgroup T of H ⟨c⟩ for some suitable prime t; it is contained in H . Since H is a B-group, T is a normal subgroup of H by [1, Theorem 2] . So, as ⟨c⟩ ∈ Syl p (H ⟨c⟩), J H holds too, and since H is a B-group and apparently J is equal to the product of all the non-cyclic Sylow subgroups of H , each two subgroups of equal order of J are conjugate in H , whence in H ⟨c⟩. Besides that, it is clear now that each non-cyclic Sylow subgroup of H ⟨c⟩ is normal in H ⟨c⟩. Thus we can apply [9, Theorem 11] because of the solvability of H ⟨c⟩ (by the Feit-Thompson theorem as 2 |H ⟨c⟩|). The conclusion is that H ⟨c⟩ is a B-group.
The Theorem has been proved.
We now shown that the converse statement to Theorem 7.1 holds.
Theorem 7.2. Suppose G contains an elementary abelian normal subgroup M of order 32 such that (|G/M|, 2) = 1. Assume G satisfies the facts as formulated in (1)- (4) as mentioned in the statement of Theorem 7.1. Then G is a B-group.
Proof. Let U and V be subgroups of G of equal order. There are three cases to consider, namely 
All the subgroups of index 31 in H ⟨a, b⟩ do contain H and they are conjugate to each other as H ⟨a, b⟩ is a B-group. Hence all those subgroups of H ⟨a, b⟩ of index 31 are B-groups, as it given in (4) that H ⟨b⟩ is a B-group. Hence all subgroups of index 31 in R 1 in R 2 and in H ⟨b⟩ are conjugate to each other in N G (U ∩ M) and thus H ⟨b⟩, R 1 and R 2 are B-groups. Thus there exists (1, 32) , the conjugation action of G on M is transitive on the elements of the set of the thirty-one subgroups of M of order 2. Now one can argue analogously as we just did it for the "|U ∩ M| = 16 = |V ∩ M|"-case, thereby proving that now U and V are conjugate in G; note that #{A|A ≤ M, |A| = 2} = #{B|B ≤ M, |B| = 16} = 31. Now suppose |U ∩ M| = 4 = |V ∩ M|. There exist hundred-and-fifty-five subgroups of M of order 4. These subgroups are permuted transitively by the elements of G under conjugation action, as |G/C G (M)| = 155 and G/C G (M) ∼ = Γ (1, 32) . Without loss of generality we may and will assume that
|T 2 |. We just saw that |G :
and (|M|, |H |) = 1, we therefore get even better U = (U ∩ M)(U ∩ H ) and that V = (V ∩ M)(V ∩ H ). We have |U ∩ H | = |V ∩ H | as |U | = |V | and as U is the inner-direct product of the groups U ∩ M and U ∩ H and as V is the inner-direct product of V ∩ M and V ∩ H . It is given in (4) that H is a B-group. 32) , the conjugation action of G on M is transitive on the elements of the set of the hundred-and-fifty-five existing subgroups of M of order 8. Now we can argue analogously as we just did it for the "|U ∩M| = 4 = |V ∩M|"-case, thereby proving that indeed U and V are conjugate in G.
The Theorem 7.2 has been proved. Now suppose for the moment that G is a solvable B-group for which S ∈ Syl 2 (G) is isomorphic to C 2 × C 2 × C 2 . Then [9, Theorems 6 and 10] reveal that S G and that either G/C G (S) is isomorphic to C 7 or to the Frobenius group Γ (1, 8) of order 21. We present the corresponding structures of G in the Theorems 7.3 and 7.4. Theorem 7.3. Suppose S G and {S} = Syl 2 (G) for some group G. Assume in addition that S ∼ = C 2 × C 2 × C 2 and that G/C G (S) ∼ = C 7 .
(1) G is a B-group; (2) G = (S × H )⟨a⟩, ⟨a⟩ ∈ Syl 7 (G), a 7 ∈ H, H ⟨a⟩ and H are B-subgroups of G of odd order.
Proof. Notice that C G (S) is the inner-direct product of S and a group H (say) with (|S|, |H |) = 1. We split up.
(1) ⇒ (2) Suppose G is a B-group satisfying the assumption of the theorem. Then any Sylow 7-subgroup of G is cyclic. Thus there exists ⟨a⟩ ∈ Syl 7 (G) with a 7 ∈ H . The group H ⟨a⟩ is isomorphic to the factor group G/S of the B-group G, whence it is a B-group too. Next consider C L 1 and C L 2 with L 1 ≤ H, L 2 ≤ H satisfying |L 1 | = |L 2 |, where C ≤ S has order 2. As G is a B-group, there exists a i sh ∈ G (i ∈ {0, 1, . . . , 6}),
The group C L 2 is the inner-direct product of the groups C and L 2 with (|C|, |L 2 |) = 1, whence C a i = C and L 1 a i h = L 2 do follow. Hence i = 0, as the seven subgroups of S of order 2 are cyclically permuted by the elements of the group G/C G (S) under the natural action. Therefore
(2) ⇒ (1) Let us suppose that a group G satisfies the assumptions as stated in (2) of the theorem. Let L 1 ≤ S × H and L 2 ≤ S × H be chosen with
Since H ⟨a⟩ and H are given to be B-groups, the existence of a i sh with a i ∈ N H ⟨a⟩ (H 1 ), s ∈ S, h ∈ H is guaranteed satisfying , 2) ; note that |A 1 | = |A 2 | and |H 1 | = |H 2 |. We have shown above that A 1 × H 1 and A 2 × H 2 are conjugate in G. Therefore it will be sufficient to show that (A 2 × H 2 )⟨b⟩ and (A 2 × H 2 )⟨c⟩ are conjugate in G, whenever these groups exist for some ⟨b⟩ ∈ Syl 7 (G) and ⟨c⟩ ∈ Syl 7 (G). Observe that (A 2 × H 2 )⟨b, c⟩ is a subgroup of N G (A 2 × H 2 ) and that
Hence by Sylow's theorem, U 1 and U 2 are conjugate in V . It follows that K 1 and K 2 are conjugate in G.
Theorem 7.4. Suppose G is a group with {S} = Syl 2 (G).
is isomorphic to the Frobenius group of order 21. Then the following are equivalent.
(1) G is a B-group; (2) G = (S × H )⟨a, b⟩, where H ⟨a⟩, H ⟨b⟩, H and H ⟨a, b⟩ are all B-groups of odd order,
Proof. We omit the proof, as the arguments follow a pattern similar to those in the proof of Theorem 7.1 and that of Theorem 7.2.
Remark. Note that the B-groups H ⟨a, b⟩ and H ⟨a⟩ (where H ⟨a⟩ H ⟨a, b⟩) in Theorem 7.4, are examples of B-groups G and N with N G with |G/N| = 3 as occurring in Theorem 5.1. Now assume for the moment that a group R is a solvable B-group for which S ∈ Syl 2 (R) is isomorphic to C 2 × C 2 . Then [9, Theorem 2.e] reveals that S R. It is clear now that R/C R (S) ∼ = C 3 holds. We present the corresponding structure of R in the next theorem.
Theorem 7.5. Suppose G is a group with {S} = Syl 2 (G). Assume S ∼ = C 2 ×C 2 and G/C G (S) ∼ = C 3 . Then the following are equivalent.
(1) G is a B-group; (2) G = (S × H )⟨a⟩, where ⟨a⟩ ∈ Syl 3 (G), a 3 ∈ H, H ⟨a⟩ and H are both B-groups of odd order.
Proof. The proof follows the same pattern as the proof of the statement of Theorem 7.3.
Remark. Note that the B-groups H and H ⟨a⟩ (where H H ⟨a⟩) in Theorem 7.5 are examples of B-groups G and N with N G and |G/N| = 3 as occurring in Theorem 5.1.
The classification of B-groups containing a cyclic Sylow 2-subgroup
Any group G that contains, at least, one cyclic Sylow 2-subgroup, is 2-nilpotent (whence solvable due to the Feit-Thompson theorem). Namely, by [3, IV.2.8 Satz] there exists N G such that G/N is cyclic and isomorphic to a Sylow 2-subgroup of G. We will classify the B-groups with cyclic Sylow 2-subgroups in this section. If a group X contains a cyclic Sylow 2-subgroup and if it contains a minimal normal subgroup of order p 2 for some prime p, then we refer the reader to Theorem 6.1 in order to decide whether X is a B-group or not. Thus the wanted classification of the B-groups satisfying the property of the title of this section is complete, as soon as the next theorem has been proved. Theorem 8.1. Let G be a group with any S ∈ Syl 2 (G) cyclic. Assume that for no prime q there exists a minimal normal subgroup of G of order q 2 . Then the following are equivalent.
(1) G is a B-group; (2) G/F(G) ∼ = H/F(G)×K /F(G) with {K /F(G)} = Syl 2 (G/F(G)) and K /F(G) cyclic; the group H/F(G) has all its Sylow subgroups cyclic and H is a B-subgroup of G containing F(G), each subgroup of F(G) is normalized by K and each non-cyclic Sylow subgroup of G (if any) is contained in F(G).
(1) ⇒ (2) We assume that G is a B-group satisfying the assumptions of the theorem. Thus G is 2-nilpotent and solvable. Hence there exists F(G) ≤ H G such that G/H is a cyclic 2-group whereas 2 |H/F(G)| is fulfilled. On the other hand, each non-cyclic Sylow p-subgroup P of the B-group G (if any such exists) is a minimal normal subgroup of order p 3 , p odd prime; see [9, Theorem 2.e.] and [1, Theorem 2] . Therefore all Sylow subgroups of G/F(G) are cyclic. It has been implicitly shown in [9, Theorem 6] , that each Sylow 2-subgroup of our B-group G normalizes each subgroup of such a group P as above. Besides that, it has been shown that G/C G (P) has a cyclic normal Sylow 2-subgroup. The Fitting subgroup F(G) is the inner-direct product of U and R (say) where U stands for the product of all subgroups P p of order p 3 of G (if any) where p runs over the corresponding primes dividing |G|, and where R is a cyclic group with (|R|, |U |) = 1. Each of such a G/C G (P p ) is 2-nilpotent and it contains a cyclic normal Sylow 2-subgroup. The same holds for each G/C G (C) withC ≤ R any Sylow subgroup of R; note that each Sylow 2-subgroup of G is given to be cyclic which is used in the latter statement. Now F(G) = C G (F(G)) as F(G) is abelian and G solvable. Of course, C G (F(G)) = C G (U ) ∩ C G (R) holds. Hence G/F(G), being isomorphic to a subgroup of G/C G (U ) × G/C G (R), is of the shape H/F(G) × K /F(G) where H/F(G) and K /F(G) do satisfy all the properties alluded to in the assertions of the Theorem. Any two subgroups of F(G) of equal order are conjugate in G, as G is a B-group. Even more, as K leaves each of these subgroups fixed under conjugation, these subgroups are already conjugate to each other by means of an element of H . Thus [9, Theorem 11] is in vogue for H here, as F(H ) = F(G). Hence H is a B-group.
(2) ⇒ (1) We assume that all statements as postulated under the heading (2) of the Theorem are facts about the group G from the assumptions of the Theorem. Let W ≤ F(G) and V ≤ F(G) be of equal order. Since H is a B-group, there exists h ∈ H such that W h = V , i.e. W and V are conjugate in G. It is given that all non-cyclic Sylow subgroups of G are contained in F(G). Hence G satisfies all the assumptions of [9, Theorem 11] . Thus G is a B-group.
9. The structure of B-groups containing a normal subgroup isomorphic to SL(2, 32)
As announced at the end of the Introduction the B-groups G with N G satisfying N ∼ = SL(2, 32) will be classified. If done, the classification of the B-groups is complete. Theorem 9.1. Let G be a group containing a normal subgroup S isomorphic to the simple group SL(2, 32). Then the following are equivalent.
(1) G is a B-group; (2) G = ST ⟨b⟩ with T G, (|S|, |T |) = 1, [S, T ] = {1}, b is some 5-element of G satisfying b 5 ∈ T and acting on S by conjugation like a field automorphism of order 5 on SL(2, 32), T and T ⟨b⟩ are B-groups.
Proof. (1) ⇒ (2) All assertions in (2) have been proved in [1, Theorem 9] up to one (but remember the remark as to the proof of that theorem as given in the Introduction). Namely, we still have to show that T is a B-group. Let U ≤ T and V ≤ T satisfy |U | = |V |. Consider for some chosen element a ̸ ∈ {0, 1} from the field consisting of thirty-two elements, the matrix group   ≤ SL(2, 32). Let that matrix group correspond via some isomorphism of SL(2, 3) onto S to some subgroup C ≤ S. Such a group C has the property that for no s ∈ S there exists f ∈ T ⟨b⟩ \ T with C s = C f under the corresponding conjugation action, as direct calculation within Γ L(2, 32) shows. Now, look at the subgroups CU ≤ ST and C V ≤ ST . We have |C V | = |C| |V | = |C| |U | = |CU |; note that (|C|, |U |) = 1 = (|C|, |V |) and that [C, U ] = {1} = [C, V ]. Since G is a B-group, there exists stb j ∈ G for suitable s ∈ S, t ∈ T with j ∈ {0, 1, 2, 3, 4} such that C V = (CU ) stb j = C stb j U stb j . As one might have observed already, C V is the only innerdirect product decomposition of itself by means of two subgroups where one is of order |C| and where the other is of order |U |, just by (|C|, |U |) = 1. Therefore we see that C = C stb j yields C sb j = C, due to [C s , ⟨t⟩] ≤ [S, T ] = {1}. By the remark made above about the group C, we have that C sb j = C yields j = 0, i.e. V = U stb j = U st = U t ; notice [⟨s⟩, U ] ≤ [S, T ] = {1}. Therefore T is a B-group, indeed.
(2) ⇒ (1) By assumption T ⟨b⟩ and T are B-groups. Consider U ≤ G and V ≤ G with |U | = |V |. Any Sylow 5-subgroup of T ⟨b⟩ (whence also any Sylow 5-subgroup of T ) has to be cyclic because T ⟨b⟩ is a B-group with |T ⟨b⟩/T | = 5 with T T ⟨b⟩. There are two types of U and V to consider, namely those U and V whose Sylow 5-groups are Sylow 5-subgroup of G as well and those U and V whose Sylow 5-subgroup are contained in T . We split up.
(1) Assume Syl 5 (U ) ⊆ Syl 5 (G) and Syl 5 (V ) ⊆ Syl 5 (G). Then U = S 1 T 1 ⟨a 1 ⟩ where ⟨a 1 ⟩ ∈ Syl 5 (G), S 1 T 1 ≤ U, S 1 ≤ S, T 1 ≤ T ; this follows from S 1 T 1 := U ∩ ST U for suitable S 1 ≤ S and T 1 ≤ T . Notice that [S 1 , T 1 ] = {1} with (|S 1 |, |T 1 ⟨a 1 ⟩|) = 1. Hence we get S 1 a 1 = S 1 (and T 1 T 1 ⟨a 1 ⟩). Likewise V = S 2 T 2 ⟨a 2 ⟩ where all the just mentioned properties hold for S 2 , T 2 , a 2 instead of S 1 , T 1 , a 1 respectively. We have S 1 T 1 ⟨a 1 ⟩ ≤ S 1 T ⟨a 1 ⟩ and S 2 T 2 ⟨a 2 ⟩ ≤ S 2 T ⟨a 2 ⟩. Now ⟨a 1 ⟩ ∈ Syl 5 (G) and ⟨a 2 ⟩ ∈ Syl 5 (G) holds, so that there exists by Sylow's theorem g ∈ G satisfying ⟨a 1 ⟩ g = ⟨a 2 ⟩. Hence S 1 g T g 1 ⟨a 1 ⟩ g ≤ S 1 g T ⟨a 2 ⟩ and S 2 T 2 ⟨a 2 ⟩ ≤ S 2 T ⟨a 2 ⟩ yields without loss of generality that we may assume a fortiori that S 1 T 1 ⟨a 1 ⟩ is contained in S 1 T ⟨a 2 ⟩ with S 1 a 2 = S 1 and that S 2 T 2 ⟨a 2 ⟩ is contained in S 2 T ⟨a 2 ⟩. Look at S 1 T ⟨a 2 ⟩/T ≤ ST ⟨a 2 ⟩/T and S 2 T ⟨a 2 ⟩/T ≤ ST ⟨a 2 ⟩/T . We have ST ⟨a 2 ⟩/T ∼ = Γ L(2, 32), whence ST ⟨a 2 ⟩/T is a B-group; see the observations in [1, page 400]. Thus there exists dts ∈ G with either d = 1 or else d ∈ a 1 j ST and d ∈ a 2 k ST for suitable integers j and k (notice G = ST ⟨a 1 ⟩ = ST ⟨a 2 ⟩) and suitable t ∈ T, s ∈ S such that S 2 T ⟨a 2 ⟩ = S 1 dts T dts ⟨a 1 ⟩ dts . Observe that S 2 = ((S d 1 ) t ) s = (S t 1 ) s = S 1 s , because of (|S 2 |, |T 2 ⟨a 2 ⟩|) = 1 and |S 1 dts | = |S 2 | and S 2 S 2 T 2 ⟨a 2 ⟩. Hence S 1 s = S 2 . Therefore it holds that ⟨S 2 (T 1 )⟨a 1 ⟩ dts , S 2 T 2 ⟨a 2 ⟩⟩ ≤ S 2 T ⟨a 2 ⟩ with |S 2 (T 1 ⟨a 1 ⟩) dts | = |S 2 T 2 ⟨a 2 ⟩|. Now note that S 2 S 2 T ⟨a 2 ⟩ and that then S 2 T ⟨a 2 ⟩/S 2 ∼ = T ⟨a 2 ⟩/(T ⟨a 2 ⟩ ∩ S 2 ) ∼ = T ⟨a 2 ⟩. Therefore, as T ⟨a 2 ⟩ ∼ = T ⟨b⟩ (because T G and the fact that ⟨a 2 ⟩ ∈ Syl 5 (G) and ⟨b⟩ ∈ Syl 5 (G) are conjugate to each other with a 2
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∈ T and b 5 ∈ T ) we observe that T ⟨a 2 ⟩ and S 2 T ⟨a 2 ⟩/S 2 are B-groups. Hence S 2 (T 1 ⟨a 1 ⟩) dts and S 2 T 2 ⟨a 2 ⟩ are conjugate in G, whence U and V are conjugate in G as was to be shown. The Theorem has been proved.
As to the B-groups T ⟨b⟩ and T occurring in Theorem 9.1, look back at Corollary 5.6. The classification of the B-groups has been completed.
